We point out that the theory of difference fields with algebraically closed fixed field has no model companion.
Theorem 1 Let T be the theory of algebraically closed difference fields (K, +, ·, −, 0, 1, σ) with algebraically closed fixed field. Then T has no model companion. Equivalently the class of existentially closed models of T is not elementary.
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Let T be as in the assumptions of the theorem.
Lemma 2 Let (K, σ) be an existentially closed model of T , and let a ∈ K be nonzero. Then there is n ≥ 1 and nonzero x ∈ K such that σ(x)/x = a n .
Proof. One can easily find a difference field (L, τ ) extending (K, σ) (so σ = τ |K) and b ∈ L \ K such that τ (b)/b = a. We may assume the field L to be algebraically closed. Let K(b) alg be the algebraic closure of K(b) in L. Then τ restricts to an automorphism of K(b)
alg , which we still call τ .
alg contains no elements of F ix(τ ) which are not already in K.
alg , τ ) is also a model of T , so as (K, σ) is existentially closed (for models of T ) we can find a solution of σ(x)/x = a in K.
. So all coefficients of the minimal polynomial of c over K(b) are fixed by τ . Thus without loss of generality c ∈ K(b) \ K. So we may write
are monic polynomials over K with no common factors, and not both f [X], g[X] are constant. Applying τ to both sides in (i) and using the fact that σ(c) = c, and
is the polyomial over K obtained from f by applying σ to its coefficients (and similarly for g σ (X). Otherwise. This implies that at least one of f (X), g(X) has some nonzero root (in K of course). As b is transcendental over K, (ii) above yields:
as rational functions over K. In particular they have the same poles and zeros. Let us assume that some root of f (X) is nonzero (a symmetric argument will work for g), and let a 1 , .., a n (all in K) be the distinct nonzero roots of f (X), thus also the distinct nonzero zeros of d(f (X)/g(X)). Then σ(a 1 ), .., σ(a n ) are the distinct nonzero roots of f σ (X), and thus σ(a 1 )/a, ..., σ(a n )/a are the distinct nonzero roots of f σ (aX), and so the distinct nonzero zeros of the right hand side of (iii). Thus (iv) {a 1 , .., a n } = {σ(a 1 )/a, ..., σ(a n )/a}. Let c be the product of a 1 , .., a n . Then c ∈ K is nonzero and by (iv) one sees that c = σ(c)/a n and so σ(c)/c = a n . This completes the proof of Lemma 2.
Proof of Theorem 1. Suppose by way of contradiction that T had a model companion T . By the lemma and compactness, there is N ≥ 1 such that in any model (K, σ) of T for any a ∈ K, σ(x)/x = a n has a solution in K for some n = 1, .., N . So for suitable N , σ(x)/x = a N has a solution in K for all a ∈ K. As K is algebraically closed, σ(x)/x = a has a solution for all a ∈ K. The rest of the proof follows as in [?] :
, contradicting the fact that F ix(σ) is algebraically closed. This contradiction shows that T does not exist. The same proof shows that even if we fix the characteristic in T , then there is no model companion T : in the characteristic 2 case, choose x such that σ(x)/x = ω where ω = 1 is a cube root of 1. Then x ∈ F ix(σ 6 ) \ F ix(σ), again contradicting the fixed field being algebraically closed.
Question. Is there any model complete theory T of difference fields (in the language (+, −, ·, 0, 1, σ)) such that for all models (K, σ) of T , K is algebraically closed and F ix(σ) is a proper algebraically closed subfield?
